We compute the effective hamiltonian for non-leptonic |∆F | = 1 decays in the standard model including next-to-next-to-leading order QCD corrections. In particular, we present the complete three-loop anomalous dimension matrix describing the mixing of currentcurrent and QCD penguin operators. The calculation is performed in an operator basis which allows to consistently use fully anticommuting γ 5 in dimensional regularization at an arbitrary number of loops. The renormalization scheme dependences and their cancellation in physical quantities is discussed in detail. Furthermore, we demonstrate how our results are transformed to a different basis of effective operators which is frequently adopted in phenomenological applications. We give all necessary two-loop constant terms which allow to obtain the three-loop anomalous dimensions and the corresponding initial conditions of the two-loop Wilson coefficients in the latter scheme. Finally, we solve the renormalization group equation and give the analytic expressions for the low-energy Wilson coefficients relevant for non-leptonic B meson decays beyond next-to-leading order in both renormalization schemes.
Introduction
Perturbative QCD effects have an important impact on the structure of the effective hamiltonian for non-leptonic |∆F | = 1 processes with F = S, C or B, which describes the weak decay of the corresponding mesons and hadrons. Most notably, they can lead to a sizable enhancement of the ∆I = 1/2 transitions, of the CP -violating ratio ǫ ′ /ǫ, and of the QCD penguin contributions to rare and radiative B decays within the Standard Model (SM) [1] and some of its innumerous extensions [2] [3] [4] [5] [6] [7] .
In all cases, these short-distance QCD effects can be systematically calculated using an effective field theory framework, which allows to resum large QCD logarithms of the form L ≡ ln µ/M W by solving the Renormalization Group Equation (RGE) that governs the scale dependence of the Wilson coefficient functions of the relevant |∆F | = 1 local operators built out of the light and massless SM fields. After the pioneering Leading Order (LO) calculation of the O(α n s L n ) contributions [8] , the resummation of the O(α n s L n−1 ) logarithms has been completed more than ten years ago and subsequently confirmed by several groups. The main components of the perturbative Next-to-Leading Order (NLO) calculation are i) the one-loop O(α s ) corrections to the relevant Wilson coefficient functions [9] [10] [11] and ii) the two-loop O(α 2 s ) Anomalous Dimension Matrix (ADM) describing the mixing of the associated physical operators [10] [11] [12] [13] [14] [15] .
To improve on the present NLO calculation, one needs to include one more order in the strong coupling expansion, aiming at a resummation of all the O(α n s L n−2 ) logarithmic enhanced corrections. The completion of this Next-to-Next-to-Leading Order (NNLO) computation constitutes the core of this work. Since the two-loop O(α 2 s ) matching corrections to the relevant Wilson coefficients are already known from [16] the only missing ingredient to perform this task is the knowledge of the three-loop O(α 3 s ) ADM describing the mixing of the current-current and QCD penguin operators. In this paper we will close this gap by employing standard techniques [15, 17, 18 ] to carry out a direct calculation of the required ADM adopting the renormalization scheme introduced in [11] . Since in this scheme the QCD penguin operators are defined in such a way that traces with γ 5 do not occur to all orders in perturbation theory, we are allowed to consistently use dimensional regularization with a naive anticommuting γ 5 . This feature is very welcome, as it makes the actual three-loop calculation completely automatic and rather straightforward.
The NNLO ADM we have computed can be used in analyses of new physics models as well, provided they do not introduce new operators with respect to the SM. This applies, for example, to the case of the two Higgs doublet models [2] , to some supersymmetric scenarios with minimal flavor violation [3] , and to specific models of universal extra dimensions [4] . On the other hand, in left-right-symmetric models [5] and in the general supersymmetric SM [6] , additional operators with different chirality structures arise [19] . In many cases one can exploit the chiral invariance of QCD and use the same ADM, but in general an extended basis is required.
Another strong motivation to write the article at hand was that the three-loop ADM computed here is part and parcel of the complete NNLO analysis of rare semi-leptonic B → X s ℓ + ℓ − decays presented recently by us in collaboration with Christoph Bobeth and Paolo Gambino [20] . Furthermore, it constitutes a integral part of the NNLO calculation of radiativeB → X s γ decays, admittedly a very ambitious enterprise, which nevertheless has already aroused the interest of some theorists [21] . Whereas our previous work dealt exclusively with the phenomenological application of our result, we will now -in the spirit of [9] [10] [11] -focus on the more formal aspects of the renormalization of effective field theories, such as the issue of scheme dependences in general, their cancellation in physical observables, and the general transformation properties of the ADM and the Wilson coefficients under a change of scheme. In this respect we will extend the existing NLO results [9, 10] to the next order, paying special attention to the conceptual features related to the renormalization of the strong coupling constant.
While much of the discussion in this paper is therefore rather technical, our general results have important practical applications. This will be showcased by means of a couple of examples. In particular, we will devote a sizable part of the present article to derive the explicit NNLO relation between our and a different renormalization scheme that is commonly used in the literature on weak decays [1] . In the latter scheme, which we shall call "traditional" scheme from now on, the applied form of the effective hamiltonian introduces unwanted traces containing γ 5 by definition. These traces turn out to be harmless at the LO, but involve a lot of technical difficulties related to the use of Fierz symmetry arguments in n = 4 − 2ǫ dimensions at the NLO [10, 14] . Applying the same scheme in a direct calculation of the ADM at the NNLO or even beyond would thus be extremely tedious. We will not attempt such a direct computation here, but avail the derived NNLO relation between our and the "traditional" scheme to find the NNLO ADM and the corresponding matching conditions in the latter scheme on detours. As another exercise we solve the RGE and give the analytic expressions for the ∆B = −∆S = 1 low-energy Wilson coefficients beyond NLO in both renormalization schemes. We are aware of the fact that some of the formulas presented below are rather long. Nevertheless we believe that at least some of them should be useful to the reader interested mainly in the application of the presented formalism to weak decays rather than in the conceptual subtleties, which obviously address more technical minded colleagues.
The main part of this paper is organized as follows: in Section 2 we present the general structure of the effective hamiltonian for non-leptonic |∆F | = 1 decays at the NNLO level. Section 3 is devoted to the simplest application of the general formalism, namely the ∆B = −∆S = 1 decays. We recall the relevant effective hamiltonian and list all the dimension-five and six operators that will be needed in the calculation of the three-loop ADM. In Section 4 we collect the results for the initial conditions of the relevant Wilson coefficients through NNLO obtained in [11, 16] . After a brief description of the actual three-loop calculation the final result for the ADM is given in Section 5. In Section 6 we solve the RGE to find the explicit NNLO expressions for the low-energy Wilson coefficients relevant for non-leptonic B meson decays. In Section 7 we elaborate on the question of scheme dependence related to the renormalization of the effective operators as well as the strong coupling constant. Section 8 starts out with a general discussion of the non-trivial nature of a change of the basis of physical operators in the framework of dimensional regularization, followed by a demonstration of how the NNLO results for the ADM and the matching conditions are transformed to the "traditional" basis of effective operators. Finally, in Section 9 we summarize the main results of this work.
Some technical details as well as additional material has been relegated to the appendices: in Appendix A.1 we derive the explicit form of the matrix kernels that are needed to find the evolution matrices through NNLO, while Appendices A.2 and A.3 contain all ingredients that are necessary to transform our results to the "traditional" set of operators. The NNLO analytic formulas for the low-energy Wilson coefficients relevant for non-leptonic B meson decays in the latter scheme will be given in Appendix A.4, which concludes our paper.
General Structure
The effective hamiltonian for non-leptonic |∆F | = 1 decays has the following generic structure [1] 
Here G F denotes the Fermi constant and Q T is a row vector containing the relevant local operators Q i . Explicit expressions will be given in Section 3. C(µ) is a column vector containing the Wilson coefficients C i (µ) that together with the Cabibbo-Kobayashi-Maskawa (CKM) factor [22] V CKM describe the strength with which a given operator enters the hamiltonian, and µ is the renormalization scale. The decay amplitude for a decay of a meson M into a final state F is simply given by F |H eff |M .
The Wilson coefficient functions evolve from the initial scale µ 0 down to µ, which in practical applications is much lower than µ 0 , according to their RGE. Using dimensional regularization with n = 4 − 2ǫ and considering only mass independent renormalization schemes it is given by
whereγ(g) is the ADM corresponding to Q. Neglecting all electromagnetic effects, the general solution of this equation reads
Here C(µ 0 ) are the initial conditions of the evolution and T g denotes ordering of the coupling constants g(µ) in such a way that their value increases from right to left. β(g) is the QCD β function. Keeping the first three terms in the expansions ofγ(g) and β(g) as given in Eq. (5), we find for the evolution matrixÛ (µ, µ 0 ) in the NNLO approximation
denotes the LO evolution matrix, which depends on the matrixV and the so-called magic numbers a i that are obtained via diagonalizingγ (0) T :
In order to give the explicit expressions for the matricesĴ (1) andĴ (2) we definê
for i = 1, 2. The entries of the matrix kernelsŜ (1) andŜ (2) are given by
where the first line recalls the classical NLO result [9] , and the second one represents the corresponding NNLO expression, in agreement with [23] . The explicit derivation ofŜ (1) andŜ (2) is presented in Appendix A.1.
Let us now recall how the initial conditions of the Wilson coefficients are obtained. The amplitude for a given non-leptonic quark decay is calculated perturbatively in the full theory including all possible diagrams such as W -boson exchange, QCD penguin and box diagrams as well as gluon corrections to all these building blocks. The result up to the NNLO is given schematically by
where Q (0) denotes the tree-level matrix elements of Q.
A second step involves the calculation of the decay amplitude in the QCD effective theory. It generally requires the computation of the operator insertions into current-current and QCD penguin diagrams of the effective theory together with gluon corrections to these insertions. Including QCD corrections up to the NNLO one finds
where the matricesr (1) andr (2) codify the one-and two-loop matrix elements of Q, respectively.
The matching procedure between full and effective theory establishes the initial conditions C(µ 0 ) for the Wilson coefficients. Equating A full and A eff in Eqs. (12) and (13) at a scale µ 0 translates into the following identity [24] 
Combining Eqs. (2), (6), (7) and (14), we finally obtain
are certain combinations ofr
andĴ (2) which will play a special role in Section 7 where we will discuss the issue of renormalization scheme dependences in detail.
Effective Hamiltonian for ∆B = −∆S = 1 Decays
The simplest application of the general formalism outlined in the previous section is the case of non-leptonic B meson decays governed by the b → s transition. For definiteness we will therefore give explicit formulas for the ∆B = −∆S = 1 decays only. However, it is straightforward to transform them to the other |∆F | = 1 cases. Neglecting contributions proportional to the small CKM factor V * us V ub which are irrelevant here, the corresponding effective off-shell hamiltonian is given by
In addition to the gauge-invariant operators Q, non-physical operators arise as counterterms in the renormalization of higher loop One-Particle-Irreducible (1PI) off-shell Green's functions with insertions of the operators Q. These non-physical operators can in general be divided into three different classes [13, [25] [26] [27] : i) operators N that vanish by use of the QCD Equations Of Motion (EOM), ii) non-physical counterterms B that can be written as a Becchi-Rouet-Stora-Tyutin (BRST) variation [28] of some other operators -so-called BRST-exact operators -and iii) evanescent operators E that vanish algebraically in n = 4 dimensions. The set of physical operators Q consists of six dimension-six operators, which can be chosen as [11, 29] 
and one dimension-five operator
Here we have used the definitions
, and the sum over q extends over all light quark flavors. g is the strong coupling constant, q L and q R are the chiral quark fields, G a µ 1 µ 2 is the gluonic field strength tensor, and T a are the generators of SU(3) C , normalized so that Tr( The physical operators given in Eqs. (18) and (19) include the current-current operators Q 1 and Q 2 , the QCD penguin operators Q 3 -Q 6 and the chromomagnetic moment operator Q 8 . Notice that we have defined Q 1 -Q 6 in such a way that problems connected with the treatment of γ 5 in n = 4 − 2ǫ dimensions do not arise [11] . Consequently, we are allowed to consistently use a fully anticommuting γ 5 in dimensional regularization throughout the calculation.
As far as the EOM-vanishing operators are concerned, the specific structure of only one of them [11] 
is relevant in finding the one-and two-loop mixing of the four-quark operators Q 1 -Q 6 . The corresponding divergent one-loop 1PI diagrams are shown in Figure 1 . In order to remove the ultraviolet (UV) divergences related to the two-loop subdiagrams with insertions of Q 1 -Q 6 depicted in Figure 2 , another ten EOM-vanishing operators need to be considered [15] 
where 
It is important to remark that the EOM-vanishing operators introduced in Eqs. (20) and (21) arise as counterterms independently of what kind of infrared (IR) regularization is adopted in the computation of the anomalous dimensions of Q 1 -Q 6 . However, if the regularization respects the underlying symmetry, and all the diagrams are calculated onshell, non-physical operators have vanishing matrix elements [25] [26] [27] 30] . In this case the EOM-vanishing operators given in Eqs. (20) and (21) play no role in the calculation of the mixing of physical operators. If the gauge symmetry is broken this is no longer the case, as diagrams with insertions of non-physical operators will generally have non-vanishing projection on the physical operators. As we will discuss in Section 5, our IR regularization implies a massive gluon propagator, and therefore non-physical counterterms play a crucial role at intermediate stages of the anomalous dimensions calculation.
In contrast to the case of the two-loop mixing of the magnetic operators considered in [15, 17] , it is a priori not clear if BRST-exact operators do arise as counterterms of Q 1 -Q 6 . Since the BRST variation raises both ghost number and mass dimension by one unit, it is evident that any BRST-exact operator that potentially could mix with Q 1 -Q 6 has to be a BRST variation of a dimension-five operator containing a single anti-ghost field. The only possibility for the latter operator having the correct chirality structure is given in the R ξ gauge by [26] should not appear as a counterterm of Q 1 -Q 6 , it turns out that up to three loops B (2) 1 does not play a role in the mixing of physical operators considered in the paper at hand. The key observation thereby is that the overall contribution from the two-loop 1PI diagrams depicted in Figure 3 does not contribute to the mixing of Q 1 -Q 6 into Q 4 , although its one-loop O(α s ) matrix element displayed in Figure 3 (c) does not vanish if it is computed using non-vanishing gluon and ghost masses to regulate IR divergences.
In order to remove the divergences of all possible 1PI Green's functions with single insertion of Q 1 -Q 6 we have to introduce some evanescent operators E as well. At the one-loop level one encounters four evanescent operators, which can be chosen to be [11, 29] 
At the two-loop level four more evanescent operators do arise, that can be defined as [11, 29] 
Finally, at the three-loop level another four evanescent operators are needed. We define them in the following way:
Needless to say, the above choice of evanescent operators E
1 -E
is not unique, in the sense that their particular structure can be changed quite a lot without affecting the threeloop ADM of the four-quark operators Q 1 -Q 6 . For instance, adding any multiple of ǫ times any physical operator to them leaves the ADM unchanged up to O(α 3 s ). This is in contrast to what happens if such a redefinition is applied to the one-and two-loop evanescent operators given in Eqs. (23) and (24).
Initial Conditions of the Wilson Coefficients
Let us now turn to the initial conditions C(µ 0 ) of the Wilson coefficients. Their values are found by matching the full to the effective theory amplitudes perturbatively in α s . The NLO and NNLO approximation requires the calculation of one-and two-loop diagrams both in the SM and the low-energy effective theory. Some of the SM two-loop 1PI diagrams one has to consider in order to find the O(α 2 s ) corrections to C(µ 0 ) are displayed in Figure 4 . Restricting ourselves to the physical on-shell operators Q 1 -Q 6 and setting µ 0 = M W , one obtains using dimensional regularization with a naive anticommuting γ 5 [11, 16] : Figure 4 : Some of the SM two-loop 1PI diagrams one has to calculate in order to find the Wilson coefficients of the four-quark operators
where
characterizing the effective off-shell vertex involving a gluon reads
The one-loop function T 0 (x t ) originates from diagrams like the first one shown in Figure 4 . Subtracting the corresponding terms in the gluon propagator in the so-called momentum space subtraction scheme at q 2 = 0, which guarantees that α s has the same numerical value on the full and effective side at the matching scale through NNLO, one finds [16] T 0 (x t ) = 112 9 + 32x t + 20 3
with
The remaining two-loop functions E 1 (x t ) and G 1 (x t ) take the following form [16] 
Anomalous Dimension Matrix
Before presenting our results for the anomalous dimensions describing the mixing of the four-quark operators Q 1 -Q 6 up to O(α 3 s ) let us recall some definitions that will turn out to be useful in the rest of the paper.
Upon renormalization the bare Wilson coefficients C B (µ) of Eq. (1) transform as
In terms of the renormalization constant matrixẐ the ADM of Eq. (2) is then given bŷ
The renormalization constants Z ij of the operator Q j can be expanded in powers of g in the following way
Following the standard MS scheme prescription, Z ij is given by pure 1/ǫ l poles, except when i corresponds to an evanescent operator and j does not. In the latter case, the renormalization constant is finite, to make sure that the matrix elements of the evanescent operators vanish in n = 4 dimensions [13, 27] .
In a mass independent renormalization scheme the only µ-dependence of Z ij resides in the coupling constant. In consequence, we might rewrite Eq. (31) as
where β(ǫ, g) is related to the usual QCD β function via Figure 5 : Some of the three-loop 1PI diagrams we had to calculate in order to find the mixing among the four-quark operators
The finite parts of Eq. (33) in the limit of ǫ going to zero give the anomalous dimensions.
Inserting the expansions ofγ(g) and β(g) in powers of g, as given in Eq. (5), one immediately finds [15, 18] for the anomalous dimensions governing the evolution of physical operators up to third order in the strong coupling parameter:
The matricesẐ (1, 0) ,Ẑ (1,1) ,Ẑ (2,0) andẐ (2, 1) are found by calculating various one-and two-loop diagrams with a single insertion of
4 , whereas the matrixẐ (3, 1) requires the computation of three-loop diagrams with insertions of Q 1 -Q 6 as shown in Figure 5 . The pole and finite parts of these one-, two-and three-loop diagrams are evaluated using the method we have described together with Paolo Gambino in detail in [15] : We perform the calculation off-shell in an arbitrary R ξ gauge which allows us to explicitly check the gauge-parameter independence of the mixing among physical operators. To distinguish between IR and UV divergences we follow [17, 18] and introduce a common mass M for all fields, expanding all loop integrals in inverse powers of M. This makes the calculation of the UV divergences possible even at three loops, as M becomes the only relevant internal scale and three-loop tadpole integrals with a single non-zero mass are known [18, 32] . On the other hand, this procedure requires to take into account insertions of the non-physical operators N
10 , as well as of appropriate counterterms of dimension-three and four, some of which explicitly break gauge invariance. A comprehensive discussion of the technical details of the renormalization of the effective theory and the actual calculation of the operator mixing is given in [15] .
Having summarized the general formalism and our method, we will now present our results for an arbitrary number of quark flavors denoted by f . For completeness we start with the regularization-and renormalization-scheme independent matrixγ (0) , which is given byγ 
While the matrixγ (0) is renormalization-scheme independent,γ (1) andγ (2) are not. In the MS scheme supplemented by the definition of evanescent operators given in Eqs. (23), (24) and (25) we obtain
f −26+ 
and
f 2 +(224+ 
As far as the one-and two-loop mixing of the four-quark operators Q 1 -Q 6 , namelyγ (0) and γ (1) are concerned, our results agree with those of [11] . Furthermore, they also agree with the results obtained in [10, 14] after a transformation to the "traditional" operator basis. This will be shown in Section 8 by an explicit calculation. On the other hand, the threeloop mixing of Q 1 -Q 6 described byγ (2) , is entirely new and has never been given before. As it is characteristic for three-loop anomalous dimensions the entries ofγ (2) , contain terms proportional to the Riemann zeta function ζ 3 .
Renormalization Group Evolution
In this section we shall use the obtained ADM to find the explicit NNLO expressions for the Wilson coefficients
with i = 1-6, at the low-energy scale µ b = O(m b ), which is appropriate for studying nonleptonic B meson decays. Using the general solution of the RGE given in Eq. (6), we arrive at
0,ij + c
As far as the LO and NLO corrections parameterized byĉ
0 ,ĉ
1 andê
1 are concerned our results agree perfectly with the findings of [11] . Contrariwise, the resummation of the NNLO logarithms is entirely new, and the corresponding matricesĉ
2 have never been computed before.
Renormalization Scheme Dependences
We would now like to elaborate on the question of renormalization scheme dependences in explicit terms, to gain an insight on how they arise beyond the LO, how various quantities transform under a change of scheme, and how the scheme dependences cancels out in physical observables. In this respect we will not only extend the existing NLO results [9, 10] to the NNLO level, but will also discuss the conceptual features related to the renormalization of α s that, to the best of our knowledge, have not been studied in the context of the renormalization of effective field theories so far.
It is well-known that beyond LO various quantities such as the ADM or the Wilson coefficients depend on the scheme adopted for the renormalization of the operators present in the effective theory. This scheme dependence arises because the requirement that all UV divergences are removed by a suitable renormalization of parameters, fields as well as operators, does not fix the finite parts of the associated renormalization constants. Indeed, these constants can be defined in different ways corresponding to distinct renormalization schemes, which are always related by a finite renormalization. In the framework of dimensional regularization one example of how such a scheme dependence may occur is the treatment of γ 5 in n = 4 − 2ǫ dimensions. In this context two well-known choices of scheme are the naive dimensional regularization scheme [33] with γ 5 taken to be fully anticommuting and the 't Hooft-Veltman (HV) scheme [34] which comprises a γ 5 that does not have simple commutation properties with respect to the other Dirac matrices. Another example is the scheme dependence related to the exact form of the physical and evanescent operators chosen in the effective theory. We will discuss the latter issue in great detail in the following section.
In order to show that physical quantities do not depend on the renormalization scheme and on the choice of the operator basis, we have to demonstrate how this dependence cancels out in the matrix elements of the effective hamiltonian introduced in Eq. (1) with C(µ) given by Eq. (15) . First, let us denote byγ
a with i = 1, 2 the results for the ADM and the local parts of the matrix elements, that is, the finite pieces without logarithms of external momenta divided by the renormalization scale squared, obtained in two different renormalization schemes -see Eqs. (5) and (13) . Furthermore, let us assume without loss of generality that the first scheme, which we shall call reference scheme hereafter, is distinguished from the other ones by the subsidiary conditionr (1) 0 =r (2) 0 = 0. It should be clear that for any given scheme a we can always switch to the reference scheme by the following finite renormalization:
The corresponding transformations of the O(α 2 s ) and O(α 3 s ) anomalous dimensions is easily obtained using Eq. (31) . At the NLO we reproduce the well-known result [9, 10] 
whereas at the NNLO we find
a − 2β 1r
(1)
Similarly, for the transformation of the Wilson coefficients through NNLO we obtain
where again the NLO result is known for quite some time [35] . The relations connecting the ADM and the Wilson coefficients in two different schemes a and b can easily be derived from the above equations. With Eqs. (54) and (55) at hand, it is now straightforward to show that the matriceŝ R (1) andR (2) introduced in Eq. (16) are independent of the renormalization scheme and the form of the operators considered. We start from the anomalous dimensions in the reference schemeγ
0 . These matrices can be accessed from any arbitrary scheme a using Eqs. (54) and (55). Let us transpose the latter equations and eliminateγ
by means of Eq. (A.2). Finally, dropping the unnecessary subscript a, we obtain
which proves the scheme independence ofR (1) andR (2) .
Next, A (0) , A (1) and A (2) , obtained from the calculation in the full theory, clearly do not depend on the particular choice adopted for the renormalization of operators. In consequence, the factor to the right ofÛ (0) (µ, µ 0 ) in C(µ), as given in Eq. (15), which is related to the upper end of the evolution, is independent of the renormalization scheme. The same is true for the LO evolution matrixÛ (0) (µ, µ 0 ). However, C(µ) still depends on the renormalization scheme throughK(µ) and consequently onĴ (1) andĴ (2) , entering the Wilson coefficients to the left ofÛ (0) (µ, µ 0 ). As is evident from Eqs. (7) and (13), this dependence on the lower end of the evolution is canceled by the one of the matrix elements Q T (µ) . We have therefore explicitly seen that the matrix elements of the effective hamiltonian and the resulting physical amplitudes are scheme independent.
It is important to emphasize that the renormalization scheme dependence discussed above refers to the renormalization of operators only, and has to be distinguished from the renormalization scheme dependence related to a redefinition of the strong coupling constant. In the following we will discuss the latter issue in detail, illustrating which effect a change in the charge renormalization has on the miscellaneous ingredients of the renormalization group improved perturbation theory. Finally, we will also prove that the matrix elements in the effective theory are invariant under a change of coupling constant.
The coupling parameter α s (µ) in the new scheme will be denoted by α ′ s (µ) and the finite renormalization relating the two schemes is written as
It is now easy to show that the first two terms in the strong coupling expansion of the QCD β function, that is, β 0 and β 1 , are scheme independent, while the third coefficient, namely β 2 , transforms non-trivially [36] :
The renormalization constant matricesẐ andẐ ′ of the two different schemes can in general be related through a finite renormalizationρ(g ′ ) in such a way that
Inserting this into Eq. (31) we obtain for the ADM in the primed schemê
Comparing Eqs. (31), (53), (60) and (61) it should be clear that the NLO counterpart of Eq. (54) corresponding to the latter transformation readŝ
whereas the NNLO analog of Eq. (55) takes the following form
Needless to say, that the finite operator renormalizationρ is unambiguously determined by the exact form of the change of charge renormalization parameterized by c 1 and c 2 . Yet, it is not difficult to understand that by making use of the prior established fact that the matrix elements of the effective hamiltonian introduced in Eq. (1) are renormalization scheme independent one can always remove the dependence onρ (1) andρ (2) from Eqs. (62) and (63). In other words, it is always possible to choose a scheme in which the operator renormalization constants remain pure UV poles. In consequence, the explicit relations between the coefficients codifying the finite charge and operator renormalization are not needed to prove the invariance of the effective theory under a redefinition of the strong coupling constant. Therefore we will not give this relations here.
It is easy to see, that the suitable change of renormalization scheme that one has to perform in order to remove the finite renormalization matricesρ (1) andρ (2) in Eqs. (62) and (63), is characterized througĥ
and implemented by Eqs. (54) and (55). While the strong coupling constant is obviously invariant under such a change of renormalization scheme, that is,
the anomalous dimensions beyond LO transform non-trivially. Combining Eq. (60) with the latter transformation we obtain the following NLO anomalous dimensions in the double primed schemeγ
whereas the NNLO result readŝ
and the dependence onρ (1) andρ (2) has dropped out from the last two equations as intended.
Next, let us write down the explicit expressions for the matricesĴ (1) andĴ (2) in the double primed scheme. Using Eq. (A.2) and taking into account that the expansion coefficients of the QCD β function in the double primed scheme coincide with those in the primed one, we find up to the NNLO level
withĴ (1) andĴ (2) defined as in Eq. (10).
Furthermore, in order to separate the coupling scheme from the renormalization scheme dependence, let us assume without loss of generality, that the local parts of the matrix elements in the unprimed scheme fulfill the constraintr (1) =r (2) = 0. From Eqs. (66) and (67) it is then immediately clear that the local parts of the matrix elements in the double primed scheme correspondingly satisfy the relation r ′′(1) =r ′′(2) = 0. These two subsidiary conditions together with Eq. (68) now imply that the matricesR (1) andR (2) in the double primed scheme are given bŷ
withR (1) andR (2) defined as in Eq. (16) .
For the sake of completeness let us remark that only the third coefficient in the expansion of the amplitude calculated in the full theory transforms non-trivially under a redefinition of the strong coupling constant:
To prove that the effective theory does in fact not depend on the renormalization scheme employed for the strong coupling constant, let us first write down the analog of Eq. (15) in the double primed scheme:
whereK
andÛ
withV and a i defined as in Eq. (9). It is now a matter of simply algebra to show that the LO evolution matrix in the double primed scheme is related to the LO evolution matrix in the unprimed scheme bŷ
Taking into account Eq. (70) and expanding the double primed Wilson coefficient C ′′ (µ) in terms of the unprimed coupling parameter leads to
.
Inserting Eqs. (68), (69), (72) and (75) into the latter equation we finally obtain
which shows that C ′′ (µ) is nothing but C(µ). Since C(µ) does not depend on the scheme used to renormalize the high scale coupling constant, the same is obviously true for C ′′ (µ). However, C ′′ (µ) still depends on the renormalization scheme throughK(µ) and consequently onĴ (1) andĴ (2) , entering the Wilson coefficients to the left ofÛ (0) (µ, µ 0 ). As is evident from Eqs. (7) and (13), and has already been discussed before, this dependence on the lower end of the evolution is canceled by the one of the matrix elements Q T (µ) . We have therefore explicitly seen that the matrix elements of the effective hamiltonian and the resulting physical amplitudes are in fact invariant under a change of coupling constant.
Change of Operator Basis
In n = 4 dimensions, a change of the physical operators is always equivalent to a simple linear transformation
parameterized by a rotation matrixR, which affects the renormalization constants and the ADM in a trivial way:
In the framework of dimensional regularization, the transformation corresponding to the change of basis turns out to be more complicated, as it generally involves evanescent operators as well. This feature basically reflects the fact that in order to formulate consistently the dimensional regularization of a theory containing fermionic degrees of freedom, the Dirac algebra has to be infinite-dimensional, which implies that evanescent operators are necessary to form a complete basis in n = 4 − 2ǫ dimensions. In consequence, specifying the evanescent operators is necessary to make precise the definition of the MS scheme in the effective theory beyond LO, as can been seen for instance in Eq. (35) . Clearly, EOM-vanishing operators are irrelevant to the present discussion.
As long as the change of basis does not mix physical and evanescent operators, the ADM still changes in a trivial way. In particular, a linear transformation of evanescent operators does not affect the physical ADM at all. However, when the change of basis involves linear combinations of evanescent and physical operators, the situation turns out to be more complicated [11] . Indeed, as we will explain in a moment, the new ADM is still given by Eq. (79), but the presence of evanescent operators induces a finite renormalization constant for the physical operators in the new basis. In order to restore the standard MS scheme definitions, a change of scheme is therefore required.
Let us first consider a change of basis that consists of adding some evanescent operators to the physical ones,
parameterized by the matrixŴ . In this case the new ADM is still given by Eq. (79) because of the absence of mixing of evanescent into physical operators in the original basis. However, after the above transformation, the renormalization matrix corresponding to the physical operators in the new basis will contain a finite, non-vanishing contribution
where the subscript Q and E denotes an element of the physical and evanescent operators, respectively. In order to re-impose the standard MS conditions, the latter contribution must be removed by a change of scheme, implemented by Eq. (53). The situation is very similar for a change of basis that consists of adding multiples of ǫ times physical operators to the evanescent ones
parameterized by the matrixÛ . In this case the ADM is unchanged because of its finiteness. However, the renormalization matrix of the physical operators in the new basis will contain a finite, non-vanishing contribution as well:
Needless to say, the above contribution must again be removed by a suitable change of scheme, in order to abide by the standard MS renormalization conditions. We therefore conclude in full generality that a change of basis in dimensional regularization is equivalent to a rotation plus a change of scheme. If we discount possible µ-dependent rotations of the operator basis, it should be clear from the discussion above that the most general change of basis comprises the three linear transformations of Eqs. (78), (80), and (82), as well as a rotation of the evanescent operators, which will be parameterized by the matrixM in what follows. In total we thus have Q ′ =R Q +Ŵ E , and E ′ =M ǫÛ Q + 1 + ǫÛŴ E .
(84)
The corresponding residual finite renormalization can be derived with simple algebra. Up to second order in α s we find
(1,0) EQγ
With these expressions at hand, it is now straightforward to deduce how the ADM and the initial conditions of the Wilson coefficients transforms under the change of basis as given in Eq. (84). Up to the NNLO we obtain
For what concerns the NLO parts of Eqs. (85), (86) and (87) our findings resemble the formulas derived in [11] , if one takes into account that our definition ofẐ
QQ differs slightly from the residual finite renormalization matrix used in the latter article. On the other hand, the complete NNLO relations Eqs. (85), (86) and (87) have never been presented before.
After these general considerations, let us discuss in some detail how the anomalous dimensions given in Eqs. (36), (37) and (38) are transformed in going to the "traditional" basis of physical operators [1, 10, 14] 
In the above definitions α and β denote color indices. The one-and two-loop evanescent operators that accompany the "traditional" basis can be found by imposing the requirements given in [14] . At the one-loop level they are
Following the same procedure, we find the following two-loop evanescent operators:
It turns out that in order to transform the ADM given in Eqs. (36) , (37) and (38) from the initial set of operators to the "traditional" basis, we have to introduce four additional one-loop evanescent operators
as well as four additional two-loop evanescent operators
It should be clear, that the evanescent operators E
5 -E
8 and E
8 are not needed as counterterms in the initial basis of operators. However, some linear combinations of them will become parts of either the physical or the evanescent operators in the "traditional" basis through the change of basis given by Eq. (84).
At this point a comment concerning the computation of the renormalization constants involving the insertions of the additional evanescent operators is in order. Transforming the three-loop anomalous dimensions from the initial to the "traditional" basis requires the knowledge of one-and two-loop diagrams with insertions of E (1) 5 -E (1) 8 , which introduces traces with γ 5 into the calculation. In this context we follow [37] , and avoid anticommutation of γ 5 in any fermionic line containing an odd number of γ 5 . Moreover, while traces containing an odd number of Dirac matrices and a single γ 5 do not pose any problem as they vanish algebraically, we do not evaluate traces containing an even number of Dirac matrices and a single γ 5 in n = 4 − 2ǫ dimensions. This brings to life new evanescent operators -we will call them trace evanescent in the following -that can in general be written as a contraction of a suitable Dirac structure with one of the following evanescent tensors
where the four-dimensional traces Tr (γ µ 1 ... µm γ 5 ) can be calculated recursively from the initial value Tr (γ 5 ) = 0 applying
Hereg µ 1 µ 2 ≡ diag (1, −1, −1, −1) denotes the four-dimensional metric tensor, and ǫ
is the totally antisymmetric Levi-Civita tensor defined so that ǫ 0123 ≡ 1. Furthermore, the second trace in the above equation should also be taken in n = 4 dimensions. It can thus be computed recursively from Tr(1) ≡ 4 using
Apparently, the trace evanescent operators originating from Eq. (93) have to be treated on the same footing as the regular ones introduced earlier on. The idea of introducing more and more evanescent operators seems to make the use of an naive anticommuting γ 5 in multi-loop calculations involving chiral operators futile. Fortunately, for the problem at hand this is not the case, as it turns out that the one-loop insertions of E and E (1) 6 needed to find the transformation of the two-loop anomalous dimensions between the initial and the "traditional" basis involve only the trace Tr(γ µ 1 µ 2 γ 5 ), which however is zero. This observation has been made already in [11] . Furthermore, to find the transformation of the three-loop anomalous dimensions matrices, both one-loop insertions of E are required. Typical examples of non-vanishing two-loop 1PI diagrams are shown in Figure 6 . However, also in this case the number of new evanescent structures is rather small, since the necessary operator insertions introduce only the non-trivial trace Tr(γ µ 1 µ 2 µ 3 µ 4 γ 5 ). The complete list of trace evanescent operators relevant to find the transformation of the three-loop anomalous dimensions between the initial and the "traditional" basis is given in Appendix A.2.
If possible any regularization prescription should respect all symmetries of the bare theory, such as gauge and BRST invariance encoded in the Ward and Slavnov-Taylor identities, or Bose symmetry. It is interesting to note that all this requirements are not necessarily fulfilled for an arbitrary choice of trace evanescent tensors. 6 , and checked explicitly that i) the resulting operator renormalization constants are independent of the external states used in the calculation, and that ii) the subtracted 1PI Green's functions with two and three external gluons are cyclic under the interchange of any two gluons as required by Bose symmetry. Concerning the former issue, let us mention, that in order to decompose the finite parts of the two-loop matrix elements of E (1) 5 -E 
Of course the finite two-loop renormalization between E
(1) 6
and the anomalous twoand three-gluon operators A 4 leaves the final result for the anomalous dimensions of the four-quark operators Q 1 -Q 6 in the "traditional" scheme unaltered up to the three-loop level.
In case the above considerations might not fully convince a suspicious reader that our treatment of traces containing an odd number of Dirac matrices and a single γ 5 is consistent, it may be worthwhile to justify it in another independent way. To exclude all possibility of doubt concerning our regularization scheme, we have computed the renormalization constants involving the insertions of E (1) 5 -E with right instead of left chiral quark fields, does not alter the final result for the three-loop O(α 3 s ) anomalous dimensions in the "traditional" scheme. As regards the relevance of the trace evanescent operators defined in Eqs. (A.4) and (A.5), let us finally point out, that it would be incorrect to conclude that they are only needed to find the transformation of the three-loop anomalous dimensions matrices between the initial and the "traditional" basis of operators. In fact, their role in the "traditional" basis is the same as the one of the evanescent operators introduced in Eq. (90), as they, together with the latter ones, make precise the definition of the renormalization scheme in that basis at the NNLO. As should be clear from what has been said in the last section on the cancellation of scheme dependences in general, the corresponding scheme dependence is canceled by the one of the two-loop O(α f )ζ3
As far as the one-and two-loop self-mixing of the four-quark operators Q
are concerned, our findings agree perfectly with the results of the direct computations [10, 14] . Furthermore, they also agree with the results presented in [11] , which were obtained by performing a change of scheme from the unprimed set of operators to the primed one. On the other hand, the three-loop self-mixing of Q
, is entirely new. Similarly, employing Eqs. (26), (87), (97) and (98) we find for the initial conditions of the Wilson coefficients in the "traditional" basis up to O(α 2 s ):
Whereas the two-loop O(α 
Summary
In this paper we have extended the SM analysis of the effective hamiltonian for non-leptonic |∆F | = 1 decays to the NNLO. The main ingredient of this generalization is the three-loop ADM describing the mixing of the current-current and QCD penguin operators, which we have computed in an operator basis that allows to consistently use fully anticommuting γ 5 in dimensional regularization to all orders in perturbation theory. The issue of renormalization scheme dependences, their cancellation in physical quantities, and the transformation properties of the ADM and the initial conditions of the Wilson coefficients under a change of scheme has been discussed thoroughly. In particular, we have elaborated on the scheme dependence related to the renormalization of the strong coupling constant, a feature that, to the best of our knowledge, has not been studied in the context of the renormalization of effective field theories so far. As a practical application of our general considerations, we have derived the explicit NNLO relation between our and the so-called "traditional" renormalization scheme, which allowed us to calculate indirectly the NNLO ADM and the corresponding matching conditions in the latter scheme. Finally, we have solved the RGE to obtain the analytic expressions for the low-energy Wilson coefficients relevant for non-leptonic B meson decays through NNLO in both schemes.
for the parts proportional to g and g 3 , respectively. After diagonalizing these equations with the help of Eq. (9) we find
Finally, solving the first equation for G (1) ij and inserting the result into the second equation, one obtains the expression for the elements ofŜ (2) as given in Eq. (11).
A.2 Trace Evanescent Operators
In the following we specify the exact form of the so-called trace evanescent operators arising from the one-and two-loop diagrams with insertions of E
8 . At the one-loop level the specific structure of only one of them is needed:
while at the two-loop level we encounter eight additional trace evanescent operators:
where we have used the definitions γ
Finally, let us recall two important features of the latter operators. First, their role in the "traditional" basis is the same as the one played by the evanescent operators in Eq. (90), that is, they are needed to define the renormalization scheme in that basis at the NNLO. Second, the f and f 2 parts of the three-loop ADMγ ′(2) describing the mixing of the QCD penguin operators in the "traditional" basis depend on the definition of these operators. The above definitions correspond to the "dimensional reduction"-like treatment of traces with an even number of Dirac matrices and a single γ 5 , employing Eqs. (93), (94) and (95).
A.3 Change to the "Traditional" Operator Basis
In order to give the explicit expressions for the matricesR,Ŵ ,Û andM characterizing the change to the "traditional" basis, we first have to define the unprimed and primed set of operators according to Eq. (84). The physical and evanescent operators in the initial basis are given by
8 , E
1 , . . . , E
while the "traditional" basis consists of the following two sets of operators:
3 , E
4 , E
7 , E
8 ) .
(A.7)
Needless to say, that E
8 play the role of extra, in principle unnecessary operators in the initial operator basis. The same is true for E
and E (2) 8 in the "traditional" basis. They are just included for completeness in the above equations. Although the trace evanescent operators introduced in Eqs. (A.4) and (A.5) are needed to make precise the definition of the "traditional" renormalization scheme we refrain to include them in Eq. (A.7), since they influence the transformation between the unprimed and primed set of operators only in an indirect way, that is, through the finite parts of the two-loop renormalization constants of some of the evanescent operators included in the initial basis. This will be explained at the very end of this appendix.
With this definitions at hand, it is just a matter of simple algebra to find the explicit expressions for the matricesR,Ŵ ,Û andM . The rotation matrixR, which links the physical operators together, is given bŷ 
The matrixŴ parametrizes a redefinition of the physical operators Q by adding some evanescent operators E to them. In the case at hand,Ŵ readŝ On the other hand,Û describes a redefinition of the evanescent operators E by adding some multiples of ǫ times physical operators Q to them. The relevant matrixÛ takes the following formÛ 
Finally, the matrixM represents a simple linear transformation of the evanescent operators. In our case we find 
Parts of the above matrices have already been given explicitly in [11] , where the change of basis from the initial to the "traditional" basis has been performed including the NLO corrections. If we take into account that the definition of E
(1) 8 adopted in Eq. (91) differs slightly from the definition of E
(1) 8 used in [11] , our results agree with the expressions given in the latter paper.
The renormalization constant matrices entering Eq. (85) are found from one-and twoloop matrix elements of physical and evanescent operators. In the following we will give only the relevant entries of the necessary renormalization constant matrices, denoting elements that do not affect the final results for the residual finite renormalizations introduced in Eq. (85) (A.13)
(A.17) As far as the one-loop renormalization constant matrices are concerned, let us note, that our results agree with the findings of [11] , after taking into account that the definition of E do not depend on the special choice of trace evanescent operators used throughout the calculation, the f parts ofẐ (2, 0) EQ do depend on the latter choice. The f parts ofẐ 
